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Abstract 

In this article we study the stochastic Cauchy problem driven by a cylindrical 
Levy process. Here, a cylindrical Levy process is understood in the classical frame- 
work of cylindrical random variables and cylindrical measures, and thus, it can 
be considered as a natural generalisation of cylindrical Wiener processes or white 
noises. The first part of the work is devoted to develop a stochastic integration the- 
ory for deterministic, operator-valued integrands with respect to cylindrical Levy 
processes and to provide necessary and sufficient conditions for a function to be 
integrable. In the second part, we apply the developed theory to derive the exis- 
tence of a solution for the Cauchy problem and to establish spatial and temporal 
regularity properties of the solution. In particular, the developed theory enables 
us to give a simple criterion for the existence of a solution with cadlag paths for a 
large class of the stochastic Cauchy problems. In several examples, we show how 
our results can be applied to specific equations and noises, and thus, known results 
in the literature are covered by our general theory. 

1 Introduction 

The degree of freedom of models in infinite dimensions is often reflected by the constraint 
that each mode along a one-dimensional subspace is independently perturbed by the 
noise. In the Gaussian setting, this leads to the cylindrical Wiener process including 
from a modeling point of view the very important possibility to describe a Gaussian noise 
in both time and space with a great flexibility, i.e. space-time white noise. Up to very 
recently, there has been no analogue for Levy processes. The notion cylindrical Levy 
process appears the first time in the monograph [24] by Peszat and Zabczyk and it is 
followed by the works Brzezniak et al [3], Brzezniak and Zabzcyk [4], Liu and Zhai [17], 
Peszat and Zabczyk [25] and Priola and Zabczyk [26]. The first systematic introduction 
of cylindrical Levy processes appears in our work Applebaum and Riedle [1] which models 
a very general, discontinuous noise occurring in the time and state space and generalising 
the cylindrical Wiener process in a natural way. 
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The above mentioned publications ([3], [4], [17], [25], [26]) study the solution of stochastic 
evolution equations of the form 

dY{t) = AY{t) dt + dL{t) for all t > 0, (1.1) 

where A is the generator of a strongly continuous semigroup on a Hilbert or Banach 
space. The driving noise L differs in these publications but it is always constructed 
in an explicit way and it is referred to by the authors as Levy white noise, cylindrical 
st,ahle process or just Levy noise. The works each have a different focus, however they 
all treat fundamental questions, such as the existence of the solution, spatial regularity 
and temporal regularity of the solution. More specifically, temporal regularity most often 
refers to the important question of whether the solution has right-continuous trajectories 
with limits from the left, i.e. cddldg paths. After the surprising observation had been 
noted in the monograph [24] that for a rather simple example of equation (1.1), the 
solution might not have cadlag paths, the question of the existence of a solution with 
cadlag trajectories has gained much attention in the last years. For example in [3], 
[4] and [26], it was also observed for other examples of cylindrical Levy noise, that the 
solution cannot have cadlag paths. The only positive result, guaranteeing the existence of 
a solution with cadlag paths, was very recently published in the article [25] and requires 
rather restrictive conditions on the driving noise and the generator. 
In contrast to the above mentioned publications, which only consider specific instances 
of cylindrical Levy processes, the objective of our work is to develop a theory in the 
systematic framework of cylindrical processes and radonifying operators to treat evolution 
equations of the form (1.1). As we have already done in [1], we consider a cylindrical 
Levy process by following the classical approach to cylindrical measures and cylindrical 
processes. In this systematic framework we develop a theory of stochastic integration, 
which enables us to give explicit conditions guaranteeing the existence of the solution of 
equation (1.1). We apply the developed theory to study spatial and temporal regularity 
of the solution. In particular, the systematic approach enables us to derive a very simple 
criterion for the existence of a solution with cadlag paths for a large class of equations 
of the form (1.1), as it is treated in [25]. Many of the results in the above mentioned 
publications, which often require extensive theoretical but tailored development, turn 
out to be rather simple examples in our approach. 

Our methodology, based on cylindrical measures and radonifying operators, provides 
generic tools and methods to study the equation under consideration, instead of results 
tailored to some specific kinds of noise. We believe that our systematic approach provides 
a deeper insight into phenomena, which the solution of equation (1.1) might exhibit. Fur- 
thermore, our methodology does not require us to embed the equation into a larger space, 
whereas this is often necessary in other approaches in the literature. The embedding into 
larger spaces often leads to the unnatural situation of formulating conditions in terms of 
the larger space, which is not related to the equation under consideration. 
The organisation of this paper is as follows. In Section 2 we collect some preliminaries on 
cylindrical measures and cylindrical random variables, which can be found for example 
in Badrikian [2] and Schwartz [31]. In Section 3 we recall the definition of a cylindrical 
Levy process, based on our paper [1] with Applebaum, and we cite some results on its 
characteristics from Riedle [28]. A technical property of cylindrical Levy processes, which 
plays a fundamental role in several proofs in this paper, is derived in this section. The 
following Section 4 provides several examples of cylindrical Levy process. In particular, 
we show that the noises, considered in the above mentioned publications, are covered 
by our systematic approach. In Section 5 we develop a theory of stochastic integration 
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for deterministic, operator-valued integrands with respect to cylindrical Levy processes. 
Surprisingly, integration with respect to other cylindrical processes than the cylindrical 
Wiener process is only considered in few works. In fact, we are only aware of two 
approaches to integration with respect to cylindrical martingales, which originate either 
in the work developed by Metivier and Pellaumail in [19] and [20] or by Mikulevicius and 
Rozovskii in [21] and [22]. Both constructions rely heavily on the assumed existence of 
weak second moments of the cylindrical martingales and thus, they are not applicable in 
our framework. For cylindrical Levy processes with weak second moments, an integration 
theory is introduced in Riedle [29]. In Section 6 we apply the developed integration 
theory to treat the stochastic Cauchy problem. In Section 7 we demonstrate how our 
systematic approach relates the question of spatial regularity of the solution of (1.1) to 
integrability of the corresponding semigroup and thus, how the question can be answered 
by the previously derived results. In an example we derive the result from Brzczniak 
and Zabzcyk [4] on spatial regularity by our general results. For the classical case, if 
the driving noise in equation (1.1) is a genuine Levy process, Hausenblas and Seidler 
[11] establish the existence of a solution with cadlag trajectories by applying a dilation 
theorem by Sz.-Nagy et al, see [32]. The developed integration theory enables us to refine 
this method to obtain a necessary and sufficient condition for the existence of a solution 
with cadlag paths if the driving noise is cylindrical. This result leads to a simple criterium 
for the existence of a solution with cadlag paths for a class of equations of the form (1.1), 
as it is treated in [25] . This criterium can be considered as a natural generalisation of the 
analogue result ([5, Th.5.20|) in the case of cylindrical Wiener processes and it improves 
significantly the corresponding result in [25]. 

2 Preliminaries 

Let U he & separable Banach space with dual U*. The dual pairing is denoted by {u,u*) 
foT u G U and u* G U*. The Borel cr-algebra in U is denoted by B{U) and the closed 

unit ball at the origin by Bu :— {u £ U : \\u\\ ^ 1}. 

For every m^, . . . , tt* e U* and n e N we define a linear map 

7r„5;,...,„* : f/-)- R", 7r„*,...,„. (u) = ((u, <),..., (u, <)). 

Let r be a subset of U* . Sets of the form 

Z{ul, ...,ul;B): = {ueU : {{u, <),..., {u, <)) e B} 

where mJ, . . . , m* G F and B e i3(R") are called cylindrical sets. The set of all cylindrical 
sets is denoted by Z{U,T) and it is an algebra. The generated cr-algebra is denoted by 
C{U,T) and it is called the cylindrical a-algebra with respect to {U,r). If T = U* we 
write Z{U) := Z{U, F) and C{U) := C{U, F). 

A function /z : Z{U) [0, oo] is called a cylindrical measure on Z{U), if for each finite 
subset F C [/* the restriction of ^ to the cr-algebra C(J7, F) is a measure. A cylindrical 
measure is called finite if ^{U) < oo and a cylindrical probability measure if fi{U) = 1. 
For every function f : U (C which is measurable with respect to C(U,r) for a finite 
subset r C U* the integral J f(u)fi{du) is well defined as a complex valued Lebesgue 
integral if it exists. In particular, the characteristic function (/3^ : ?7* — > (D of a finite 
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cylindrical measure fj, is defined by 

fp,{u*)'-^ I e'<"'"'VW for all 
Ju 

Let (17,^, P) be a probability space. The space of equivalence classes of measurable 
functions / : f2 — > [/ is denoted by Lp(f2;C/) and it is equipped with the topology of 
convergence in probability. 

Similarly to the correspondence between measures and random variables there is an anal- 
ogous random object associated to cylindrical measures: a cylindrical random variable 
Y inU \s & linear and continuous map 

Y -U* L?,(f];R). 

A family {Y{t) : i ^ 0) of cylindrical random variables Y{t) is called a cylindrical process. 
The characteristic function of a cylindrical random variable Y is defined by 

ipY - U* ^ (D, ^Py{u*) = E[&c^{iYu*)]. 

li Z — Z{ul, . . . , u* ; B) is a cylindrical set for ul, . . . , it* G [/* and B e 6(R") we obtain 
a cylindrical probability measure fj, by the prescription 

l^{Z):=P{{Yul,...,Yul)€B). (2.1) 

We call n the cylindrical distribution of Y and the characteristic functions (p^ and 
of /Lt and Y coincide. Conversely, for every cylindrical measure /i on Z{U) there exist a 
probability space {Q,A,P) and a cylindrical random variable Y : U* ^ Lp(n;R) such 
that /X is the cylindrical distribution of Y, see [33, VI. 3. 2]. 

Let ^ be an infinitely divisible Radon measure on B{U). Then the characteristic function 
(^^ : f/* C of ^ is given for each u* e U* by 

ip^{u*) = exp (^i{a,u*) - ^{Su*,u*) + J (e'<"'"*> - 1 - i{u,u*) 1bu{u)) , 

where a G U, S : U* ^ U is the covariance operator of a Gaussian Radon measure on 
B{U) and /z is a <7-finite measure on B{U). Consequently, the triplet (a, S, /i) characterises 
the distribution of the Radon measure ^ and thus, it is called the characteristics of£^. If X 
is an [/-valued random variable which is infinitely divisible then we call the characteristics 
of its probability distribution the characteristics of X. 

In general Banach spaces it is not as straightforward to define a Levy measure as in 
Hilbert spaces. In this work we use the following result (Theorem 5.4.8 in Linde [12]) as 
the definition: a u-finite measure /x on a Banach space U is called a Levy measure if 

(i) / A 1) At(dw) < oo for all w* e C/*; 
Ju 

(ii) there exists a Radon measure on B{U) with characteristic function 

^{u*) = exp (^J (e^(».«*> - 1 - i{u,u*) 1b^(«)) n{du)^ . 

For stochastic notions related to the Gaussian part of an infinitely divisible Radon mea- 
sure, such as reproducing kernel Hilbert space (RKHS) and ^ -radonifying operator., we 
refer to the literature, see e.g. [34] and references therein. 
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Let {Tt}t^o be a filtration for the probabifity space {rt,A,P). An adapted stochastic 
process L := {L{t) : t ^ 0) with values in U is called a Levy process if L(0) = P-a.s., L 
has independent and stationary increments and L is continuous in probability. It follows 
(see Dynkin [9, Ch. 8]) that there exists a version of L with paths which arc continuous 
from the right and have limits from the left (cadlag paths). Clearly, the random variable 
L{1) is infinitely divisible and we call its characteristics the characteristics of L. 

3 Cylindrical Levy processes 

Let f be a separable Banach space. A cylindrical process {L{t) : t ^ 0) is called a 
cylindrical Levy process m ?7 if for all u*, . . . , u* e f/*, n e N we have that 

{{L{t)u*„...,L{t)ul):t^O) 

is a Levy process in R". This definition is introduced in our work [1]. Furthermore, we 
show that for each t^O the characteristic function V'L(t) : f/* — >■ (D of L{t) is given by 

iPLit){u*) = exp (^t (^ip{u*) - ^qu* + (e^<"'"*> - 1 - i{u,u*) 1b^((«,u*») i^w)) 

=: exp(*(w*)), (3.1) 

where p : ?7* — )• R is a mapping, g : f/* ^ R is a quadratic form and v is & cylindrical 
measure on Z{U) satisfying 

j ((w, A l) v{du) < DO for all u* e U* . (3.2) 

Consequently, the triplet (p, q, v) characterises the distribution of the cylindrical Levy 
process L and thus, it is called the cylindrical characteristics of L. The mapping \I/ : 
J7* (D is called the symbol of L. 

We call a cylindrical measure j/ on Z{U) a cylindrical Levy measure if it satisfies (3.2). 
However, note that this is not sufficient to guarantee that there exists a corresponding 
cylindrical Levy process with cylindrical characteristics (0,0, i/), see [28]. 
In [1, Th. 3.9] we derive that there exist a Gaussian cylindrical process {W{t) : t ^ 0) 
and an independent, cylindrical process {P{t) : t ^ 0) such that L{t) ~ W{t) + P{t) 
for all t ^ 0. In addition to the continuity of the mapping L{t) : U* — ?• Lp(ri;R) we 
always assume that for each t ^ the cylindrical variables W{t) : U* Lp(ri;R) 
and P{t) : U* — >■ Lp(r2;R) are continuous, respectively. According to [28, Lemma 
4.4] , a cylindrical Levy process with cylindrical characteristics {p, q, u) has a continuous 
decomposition W and P, if and only if 

(1) p: U* ^M. is continuous; 

(2) there exists a positive, symmetric operator Q : U* ^ U** such that 

qu* = {u*,Qu*) for all u* &U*; 

(3) for every sequence (w5^)neN C U* with u* Uq for Uq € U* it follows that 

(|/3|'Al)(i.o«)-i)(d^)^ (|/3|2Al)(i/o(«*)-i)(d^) weakfy. (3.3) 
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Wc will need several times the following property of an arbitrary cylindrical Levy process 
in a Banach space. For classical Levy processes in [/, the same property follows from 
much easier arguments, see [16, Prop. 5. 4. 5]. 

Lemma 3.1. Let v be the cylindrical Levy measure of a cylindrical Levy process in U. 
Then for every s > there exists a 5 > such that 



sup / ( \{u,u*)\^ Al) i^{du) 



Proof. Let the cylindrical process L has the cylindrical characteristics {p,Q,v). If L 
denotes an independent copy of L then the cylindrical Levy process S :— L — L has 
the cylindrical characteristics (0, 2(5,i/ + V-) where v- := I'i—Z) for all Z e 2{U). By 
subtracting the cylindrical Gaussian part of S we can assume that Q = 0. 
Define for every u* e U* the cylindrical set D{u*) := {u ^ U : |(u,u*)| ^ 1}. The 
inequality 1 — cos(/3) > ^/3-^ for all ^ 1 implies that the characteristic function of S'(l) 
for each u* G U*, satisfies 

<Ps{i){u*) = exp J (l - cos((u,u*))) {iy + i^-){du) 

< exp [ — / (^l — cos{{u,u*))) {u + v-){du) 

^exp (-§ / v{du)\ . 



Consequently, we obtain that 

\{u.,u*)f' v(du) ^ — I ln((p5(i)(u*)) for all w* S [/*. 

r>(«*) 

Since S(V) : U* — >■ L^pifl; R) is continuous, its characteristic function ^ps{i) : J7* IR is 
continuous. Therefore, there exists > such that 

sup / \{u,u*)\^ v{du) < e. (3.4) 



For the second part of the proof, we define 

d{u*) := u{D{u*y) for all u* e U* 
and we show that for every e > there exists a 82 > such that 

sup d{u*) ^ £. (3.5) 

\\W\K52 

Assume for a contradiction that (3.5) is not satisfied. Then there exists a sequence 
(Wn)neN C U* with ?i* as n ^ 00 and rf(u*) > e for all n e N. For each n e N 
define the stopping times 

r„. := inf{i > : |Ai(i)<l > !}• 
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Since for each n g N the stopping time r„* is exponentially distributed with parameter 
) it follows that 

P( sup \L{t)ul\ < ^) < P(r„. > T) = e-'^«)'^ ^ e''^ for all n e N. (3.6) 

On the other hand, the continuity of L{t) : U* L^p{fl;'R) implies that L{t)u'^ — ^ 
weakly in the space of probability measures on K(]R) for all t G [0, T]. However, according 
to Corollary VII.3.6 (p.415) in [13] this is equivalent to Lu*^ := {L{t)ul : t e [0,T]) 
weakly in the Skorohod space -D([0, T]; R), which implies that 

sup L{t)u*^ ^0 in probability as n — >■ oo, (3.7) 

tG[0,T] 

which contradicts (3.6). Therefore, we have proved the equality (3.5), which together 
with (3.4) show the claim for 5 := min{5i, 52\- □ 

If y is a genuine Levy process in an infinite- or multidimensional space U then one can 

easily calculate the characteristics of (Y{l),u*) for w* G U* . Here, one has to apply a 
correction term to the deterministic part of the characteristics, see Sato [30, Prop. 11. 10]. 
A similar situation occurs for the cylindrical Levy process, which we note in the next 
Lemma, where we abuse our notation slightly. For u* := {u{, . . . ,u*) G ([/*)" we define 
the mapping 7r„» : U — >■ R" with 7r„. (u) = [{u, u^), . . . , (m, m* )) . The scalar product for 
a, /3 G R" is denoted by a • /3 and /3 • u* denotes /3iul + • • • + . 

Lemma 3.2. If L is a cylindrical Levy process with cylindrical characteristics {p,Q,v) 
then for every u* := (u^, . . . ,u*) G (f/*)" there exists a p{u*) G R" such that for all 
P := {pi,...,Pri) & IR." we have 



■ p{u*) =p{p.u*)+ / /3 • 7r„. (u) ( iB^n (7r„. (u)) - 1b^ (/? • 7r„. (u)) ) u{du). 
Ju 



7/n = 1 then p{u*) = p{u*) for all u* &U*. 

Proof. For the proof we can assume that Q = Q and we set L := L{1). It follows for 
every ^ = (/3i, . . . , ^„) G R" that 



VluI,...,Lui (/3) 
= E 



giL(/3-M*) 



= exp (^p{p -ul + J^ (e'''-""* - 1 - • 7r„. (u) (/3 • 7r„. (u))) i^{du)^ 
= exp (^ip{p ■u*) + i J /3 • 7r„. (u) ( Ib^u {ttu' (")) - Is^ (/? • ^u- ("))) ^du) 

= exp ^ip(^ • u*) + i J /? • 7r„. (u) ^ Isj^n (7r„. (u)) - 1b^ {P ■ 7r„. (u))) !/(du) 
+ (e^''-" -l-iP-a 1b^„ (a)) (i. o 7T-})ida)^ . 
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Since the random vector {Lu\, . . . , Lu*^) is infinitely divisible and v o tt~} is a Levy 
measure on fi(IR") the uniqueness of the Levy-Khintchine formula implies that there 
exists p{u*) e R" such that 

p{0 ■u*) + J^l3- 7r„. («) ( (7r„. {u)) - • 7r„. (u))) v{du) = /3 • p{u*) 

for all /3 = (^1, . . . , e R". If n = 1 one can take /3 = 1 to conclude that p{u*) = p{u*) 
for all u* e [/*. □ 



4 Examples of cylindrical Levy processes 

Example 4.1. If {Y{t) : t > 0) is a genuine Levy process with values in a Banach space 
U, then for t ^ 

L{t) : U* -> L^p{n- R), = {Y{t),u*) 

defines a cylindrical Levy process in U . If (a, S*, /x) is the characteristics of y, then the 
cylindrical characteristics {p, Q,v) oi L \s given by 

p{u*) = {a,u*) + {u,u*){1b^{{u,u*)) - 1bu{u)) fi{du), Q = S, v = fi. 
Ju 

It is easy to see that the integral exists, see the proof of Theorem 5.5. 
The asymmetry of the classical characteristics and the cylindrical characteristics of Y 
is due to the fact, that in the cylindrical perspective the entry i/ is only a cylindrical 
measure and therefore, the truncation function u i-^ Ibu (u) cannot be integrated with 
respect to i/. A more illustrative reason is that a classical Levy process obviously has 
jumps in the underlying Banach space U, whereas it is not clear in which space the jumps 
of a cylindrical Levy process occur. 

An appealing way to construct a cylindrical Levy process is by a series of real-valued 
Levy processes. 

Lemma 4.2. Let U be a Hilbert space with an orthonormal basis (efe)feeiN and let {ik)k€¥S 
be a sequence of independent, real-valued Levy processes with characteristics {ak,bk,Hk) 
for A; e N. Then the following are equivalent: 

(a) For each {rk)keTt^ G i"^ we have 



(i) El^fc 

fc=i 

(ii) {bk)keN € £' 



ak+ I I3fj,k{dl3) 

i<\m\rk\-' 



< oo; 



(iii) 



oo „ 

E / (|rfc/3|'Al) /Xfc((i/3) < 00. 
fe=i 



(b) For each and u* e U* the sum 

oo 

L{t)u* ■.= Y,{ek,u*)ik{t) (4.1) 



k=l 

converges P-a.s. 
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If in this case the set {'fietii) '■ ^ ^ N} is equicontinuous at 0, then {L{t) : f^Q) defines 
a cylindrical Levy process in U with cylindrical characteristics {p, Q, u) obeying 



fe=i 

oo 



l<|;8|<|{efc,u'>|-i 



Qu* = Y,{ek,u*)Hl {vo{u*)-^){dp) = {l^komkiu*)-^) {dp), 



fe=i 



fe=i 



for each u* e U* , where mk{u*) : R ^ R, mfe(u*)(/3) = (efe,u*)/3. 

Proof. For an arbitrary sequence {rk)ke^ C R each Levy process {rkik{t) : t 0) has 
characteristics 

a'k = rkak+ rfc/3( lB^(rfc/3) - li3^(^)) b'k = rlbk, iJ.'k = i^k°m~^, 
where m^j, : R — > R, mr^{P) = r^li, see for example [30, Prop. 11. 10]. It follows that 

n 

Sn{t) ■.= Y,rklk{t) (4.2) 

k=l 

defines a real- valued Levy process {Sn{t) : t > 0) with characteristics 

n n n 



fe=i 



fc=i 



fc=i 



To show the implication (a) (b) fix u* G C/* and set rk ■= {ek,u*). If we choose 
no e N such that \rk\ ^ 1 for all n > no it follows from (i) that 



ak 



<\m\rk\-^ 



pf^km 



< 00. 



Consequently, there exists a G R such that 

lim a^"^ = a. 



(4.3) 



Conditions (ii) and (iii) imply that for every continuous and bounded function / : R ^ R: 

/ /(/3) (b^'^^Som + A l) 

v IR 

n n p 

= /(O) E ^'^fc + E / /(^'^Z^) (|rfe/3|' A l) /Xfe(d/3) 

OO oo „ 

^ /(O) E ''i^" + E / /(^fc'^) (I'^'^^l' ^ l) '"'^(^'^) as n ^ oo. (4.4) 

I 1 I 1 J IR 



k=\ 



It follows from (4.3) and (4.4) by Corollary VII.3.6 (p.415) in [13] that the sum S'„(t) 
converges weakly and therefore P-a.s. to an infinitely divisible random variable L{t)u* 
for each t ^ 0. 
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Conversely, it follows from (b) that the sum S'„(l), defined in (4.2), converges weakly 
for every {rk)keK € Corollary VII. 3. 6 (p. 415) in [13] implies that a^"^ converges as 
n — >■ oo, i.e. 



< oo 



for every {rk)keT^ G Since for each A: G JN the term in the bracket does not depend on 
the sign of rfe we can choose rk such that each summand is positive and we obtain 



oo 

fe=i 



<W^\rk\-' 



< 00. 



Corollary VII. 3. 6 (p.415) in [13] implies that for every continuous, bounded function 
/ : Rh- IR 

/ /(/3) (6^"^^oW) + A l) M^"^ W)) 

J2 [rlbkfiO) + JJM {\rk/3f A l) Mfc(rf^) 



k=l 



converges as n ^ oo. Since we can assume that bk ^ for every A; e N we can choose 
/(•) = 1 to obtain 



oo oo 

J2rlbk<'x, and ^/ (|rfe/3|' A l) /Xfe(t^/3) 

fc=l k=l-^'^ 



< OO, 



which completes the proof of the equivalence (a) (b). 

Clearly, L(t) : U* Lp(il;R) is linear. If a sequence {u'^)ne¥i Q U* converges to 
then (cfe, M* ) — )■ as n — )■ oo uniformly in /c G IN. The equicontinuity of {^€^(1) ■ k G N} 
implies that 

Jirn^ 'Pek(t){{ek,K)) = 1 uniformly in A; e N . 
Consequently, we obtain 

oo oo 

= ii^^ n '^^.(t)((efe'<)) = n i™,^4(t)((efc,<)) = 1, 



fe=l 



which shows the continuity of L{t). Finally, L has weakly independent increments, that 
is the random variables 

{L{ti) - L{to))ul, {L{tn) - L{tn-l))K 

are independent for every < to ^ .•• ^ tn, G U* and n e N. Since 

{L{t)u* : f ^ 0) is a real- valued Levy process for each u* G U* it follows from [1, Le. 
3.8] that L is a cylindrical Levy process in U . □ 

The convergence (4.1) is called the weakly P-a.s. convergence of the sum J2^k^k{t) for 
each t > 0. If there exists a random variable Y{t) : fl ^ U for each t ^ such that 

oo 

^(*) = X]efc4(i) P-a.s. in [/, 
fe=i 
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then the sum is called strongly P -a. s. convergent. Obviously, in this case, we have 
L{t)u* = {Y{t),u*) for every u* € U* and t ^ 0, and : t ^ 0) is a {/-valued 

Levy process. One can easily show a similar result to Lemma 4.2 but we skip this; a 
special case can be found in [24, Th. 4.13] 

Example 4.3. Let £/,, be defined by ^fe(-) :— o-fc&fe(-) where afe e R and {hk)k&'n is a 
sequence of independent, real- valued standard Brownian motions. Then the series in 
(4.1) defines a cylindrical Levy process L if and only if {(Jkjke'M € In this case L is 
called a cylindrical Wiener process. Its covariance operator Q is given by 

•DO 

Q:U* ^U, Qu* = Y^ blick, u*)ek, 

k=l 

This definition of a cylindrical Wiener process is consistent with other definitions which 
can be found in the literature, see [27]. 

Example 4.4. For a sequence (/ifc)fe6N of independent, real-valued Poisson processes 
with intensity 1 and a sequence a := {crk)k€¥S C R we define £k{-) '■= cFkhk{-)- In this 
case, the sum (4.1) defines a cylindrical Levy process if and only if ct e P. The sum 
converges strongly if and only if cr e If {hk)keK is a sequence of independent, real- 
valued compensated Poisson processes with intensity 1, then the sum converges weakly 
if and only if cr e •^'^ and strongly if and only \i a € P . 

Example 4.5. Let {hk)k<£'N be a family of independent, identically distributed, real- 
valued, standardised, symmetric, a-stable Levy processes hk for a G (0,2). Then the 
characteristics of hk is given by (0, 0, p) with Levy measure 

p(rf/3) = i|/3|-^-"d/3. 

For a sequence {<Tk)keTti ^ ^ define for each A; e N the Levy process £k{-) ■= crkhk{-)- 
Then the characteristics of £k is given by (0, 0, /Ufc) with 

fj,k := pom-l, 

where : IR ^ IR is defined by m„l3 = for cr e R. With this choice of (^fe)fe£N it 
follows by Lemma 4.2 that the sum (4.1) defines a cylindrical Levy process if and only if 

DC C30 

J2 / ( A l) Hk{d(3) = E < °° 

fe=i fe=i 

for every {rk)keTt^ G i-©- {<^k)keTt^ € The cylindrical Levy process is 

{/-valued, i.e. the sum converges strongly, if and only if {ak)keTt^ € 

Remark 4.6. The publication [26] treats the cylindrical Levy process introduced in Ex- 
ample 4.5 and it is called a cylindrical stable noise. This specific example of a cylindrical 
Levy process appears also in the publications [3], [17] and [25]. However, since the au- 
thors do not follow the cylindrical approach, they do not require that the sum (4.1) is 
finite, i.e. they do not impose any conditions on the sequence (crfc)fe£]N- Although this is 
more general, it does not match the usual framework, if one understands cylindrical Levy 
processes as a generalisation of cylindrical Wiener processes. All the different definitions 
of cylindrical Wiener processes, one can find in the literature, have in common that the 
corresponding sum of the form (4.1) converges weakly as in Example 4.3. 
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Example 4.7. In [4], the authors introduce a noise which they call Levy white noise. In 
this example we define this noise in our setting and generalise it slightly. In contrary to 
the original source, our cylindrical approach enables us to introduce this noise without 
referring to any other space than the underlying Banach space U, which we consider to 
be more natural. 

Let be a cylindrical Wiener process in a separable Banach space U and let £ be an 
independent, real-valued Levy subordinator. We define a cylindrical process {L{t) : t > 
0) in [/ by defining 

L{t)u* := W{e{t))u* for all u* GU*,t^ 0. (4.5) 
In this way, we obtain a cylindrical Levy process: 

Lemma 4.8. If W is a cylindrical Wiener process in U with covariance operator C and 

£ is an independent, real-valued subordinator with characteristics (a, 0, p) then relation 
(4.5) defines a cylindrical Levy process (L{t) : t ^ 0) with cylindrical characteristics 
{0,Q,u) given by 

Q = aC, V = {'^ ® p)o K~^, 

where 7 is the canonical Gaussian cylindrical measure on the reproducing kernel Hilbert 
space He of C with embedding ic ■ He — U and 

K : He X — > U, K{h, s) := ^/s ic'h. 

Proof. The very definition of L implies by Lemma 3.8 in [1] that L is a cylindrical Levy 
process. The characteristic function of the subordinator £ can be analytically continued, 
such that for each t > we obtain the Laplace transform of £{t) by 

E [ex.p{-p£{t))] = exp (-tr(^)) for all /3 > 0, 

where the Laplace exponent r is defined by 

POO 

t{P) ■.= al3+ (1 - e-^') p{ds) for all /3 > 0. 

Independence of W and £ implies that for each t ^ Q and u* € U* the characteristic 
function ^L{t) of L{t) is given by 



g*W(£(t))u* 



-L 



E 





gjW(s)li* 



Pi{t){ds) 

e-5^<^"*'"*>P,(t)(ds) 
= exp(-tr(i(Cu*,u*))) 

= exp (^-l{aCu* ,u*) + (^^-\s{Cu' ,u') _ ^ ^(^5)^^ . (4.5) 
By using the equality ^{Hq) = 1 and the symmetry of the canonical Gaussian cylindrical 
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measure 7 we obtain 

= / / (e'^<'^'''"*> - 1) 7((i/i)p(ds) 

Jo J He ^ ' 

^ fo \k (f^'^'"'''"'^ -^-^^'^''cKu*)\bA^s{icKu*))) j{dh)p{ds) 

= J^(^e^i-'-') _i_^u^u*)l^^^l^u,u*))) ((7®p)oK-i)(dn). (4.7) 

Note that (7 ig) p) o is a cylindrical Levy measure since for each u* G U* we have 
that 

J ((«, u*f A 1) ((7 ® p) o K-i) (du) = j (y-s {ich, u*f A 1) j{dh)p{ds) 

^ {ich,u*f -i{dh) p{ds) 



p{ds) < 00. 



Applying equality (4.7) to the the representation (4.6) yields that the characteristic 
function of L{t) is of the form (3.1), which completes the proof. □ 

The last example shows an important difference between cylindrical Wiener and cylindri- 
cal Levy processes. A generalised Karhunen-Loeve expansion guarantees that cylindrical 
Wiener processes can be represented by a sum of independent [/-valued summands. 
Whereas the cylindrical Levy processes in our previous Examples 4.4 and 4.5, which are 
constructed by Lemma 4.2, naturally have a representation as a series with independent 
summands, we cannot expect such a kind of representation in Example 4.7. This lack of 
a Karhunen-Loeve expansion will have consequences to regularities of paths of solutions 
of stochastic differential equations, as we will see later. 

Example 4.9. This example was already given in our work [1]. Let p be a Levy measure 
on fi(]R) and A be a positive measure on a set O C R''. In the monograph [24] by Peszat 
and Zabczyk an impulsive cylindrical process on L^(0;]R) is introduced in the following 
way: let tt be the Poisson random measure on [0,00) x O x R with intensity measure 
ds X{d^) p{d(3). Then for all measurable functions / : O — >■ R with compact support a 
random variable is defined by 



Zit)f:= 11 I f{^)pTr{ds,d^,dp) 
Jo Jo Jm. 



10 JO JTR 

in Lp(r2;R) under the simpliiying assumption that 

/ /32p(d^)<0O. 

Jb. 

It turns out that the definition of Z{t) can be extended to all / in L^(0;R) so that 
Z = {Z{t) : f > 0) is a cylindrical process in the Hilbert space X^(0;R). Moreover, 
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{Z{t)f : t ^ 0) is a Levy process for every / e i^(0;]R) and Z has the characteristic 
function 

<Pzit) if) = exp (t [ [ (e^/«)'5 - 1 - imp) p{dp) X{do] , (4.8) 
y Jo Jm.\{o} ^ ' ) 

see Prop. 7.4 in [24]. 

To consider this example in our setting we set V = L^(0;]R) and identify U* with 
\J . By the results mentioned above and if we assume weakly independent increments, 
Lemma 3.8 in [1] tells us that the cylindrical process Z is a cylindrical Levy process. By 
Corollary 2.7 in [1] it follows that there exists a cylindrical Levy measure v on Z{U^ such 
that V o is the Levy measure of {Z{t)f : t ^ 0) for all f G U* . But on the other 
hand, if we define a measure by 

u{f) : B(R) ^ [0,oo], u{f){B) := [ [ 1^(^/(0) p(d/3)A(dO 

Jo Jr 

we can rewrite (4.8) as 

^zit){f) = exp It [ {e'^ vif)idp)] 

and by the uniqueness of the characteristics of a Levy process we see that v{f) = vo 
for all fGU*. 

5 Stochastic integration 

Let {L{t) : t > 0) be a cylindrical Levy process with values in a separable Banach space 
U and with cylindrical characteristics {p,Q,v). The aim of this section is to define a 
stochastic integral 

lU) ■■= f f{s)dL{s) 
Jo 

as a y- valued random variable for a deterministic function / : [0, T] C{U, V), where V 
is a separable Banach space and £{U, V) denotes the space of linear, bounded functions 
S : U ^ V. Our approach is based on the idea that the random variable /(/), if it exists, 
must be infinitely divisible and thus, it is characterised by its deterministic scmimartin- 
gale characteristics, say {a/, Sf, iJ.f). If we have a candidate for the characteristics of /(/) 
and if there are conditions known (such as in Hilbert spaces) guaranteeing the existence 
of an infinitely divisible random variable in terms of its prospective characteristics, then 
we can describe the class of integrable functions / : [0,T] — )• £{U,V). This approach 
works in every separable Banach space V in which explicit conditions on the character- 
istics are known guaranteeing the existence of a corresponding infinitely divisible Radon 
measure. 

In order to have a candidate for the characteristics of /(/) at hand for formulating the 

conditions on integrability, we first introduce a cylindrical random variable Z{f) : V* — ^ 
L'pifl; R) as a cylindrical integral of f. Then we call / integrable with respect to L if the 
cylindrical integral Z{f) is induced by a classical random variable /(/) : O — )• i.e. 

Z{f)v* = {I{f),v*} forallu*ey*. 



14 



In this way one can think of // as a stochastic Pettis integral. 
For a well defined integral we would expect that 

( / /(s) dL{s),v*) = [ f*{s)v* dL{s) for all v* G V*. 
Jo Jo 

Consequently, in a first step we want to introduce a real-valued stochastic integral with 
respect to a cylindrical Levy process L for functions of the form g : [0,T] ^ U* . 
For that purpose, we firstly consider simple C/*-valued functions. A deterministic function 
g : [0, T] — >• [/* is called simple if it is of the form 

m— 1 

git) = J2 Mt.,t.+.]itKk for all t € [0,T], (5.1) 

fe=0 

where = tQ < ti < ■ ■ ■ < t„i = T and u*^ <E U* . The space of all simple functions is 
denoted by 'H(i7*) and it is endowed with the supremum norm 

llfflL^= sup \\g{s)\\. 
se[o,T] 

Let £'+([0, T]; [/*) denote the Banach space of deterministic functions g : [0,r] — )• U* 
which are continuous from the left and have right limits, equipped with the supremum 
norm Since for every function g e -D+([0, T];U*) and each e > the set 

{tG[Q,T]:\\g{t+)-g{t)\\^e} 

is finite the function g can be uniformly approximated by step functions, that is the space 
U{U*) is dense in D+{[0,T]- U*). We define a mapping J : UiU*) L°p{n-B.) by 

m— 1 

J{g) := {L{tk+i) - L{tk)) K), (5-2) 
fc=o 

where g is of the form (5.1). In order to show that the mapping J is continuous we need 
the following result. 

Lemma 5.1. If ^ : U* (D is the symbol of a cylindrical Levy process L then the 
mapping 

D+{[Q,T];U*) ^ L\[0,T];€), g ^ ^{g{-)) 

is continuous. 

Proof Let (,g„)rieN be a sequence in £)+([0, T]; [/*) converging to 5 e £>+([0, T]; [/*). 
We choose a constant c > such that 

^^{\\9\\ooA\9n\L}^c forallneN. (5.3) 

If (p, Q, u) denotes the cylindrical characteristics of L, then 

'i/{gn{s))ds = i p{gn{s)) ds - \ I {gn{s),Qgn{s)} ds 
Jo Jo 

^ lo lu (^'^"'""^'^^ -l-i{u,gn{8)) ls,((«,5n(s)))) y{du)ds. 
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By comparing the Lcvy-Khintchine formula for the identieaUy distributed random vari- 
ables L{l){au*) and aL{l)u* for u* G U* and a > 0, we obtain 



p{au*) = ap{u*) + a j {u,u*)(^lB^{a{u,u*)) - lB^{{u,u*)fju{dv 
The second term on the right hand side can be estimated by 

{u,u*)\ lB^{a{u,u*)) - 1b^{{u,u*)) v{du) 



(5.4) 



X 



l(«.«*>l^^ 



v{du) 

\{u,u-)\>^ 



(5.5) 



The continuity of p and p(0) = imply that there exists 5 > Q such that |p(u*)| ^ 1 for 
all ^ 6. Consequently, by choosing a = | it follows from (5.4) and (5.5) by Lemma 
3.1 that 



sup sup \p{gn{s))\ a sup p[^] 



a sup 

\\u-\\<cJU 



Lebesgue's dominated convergence theorem implies that 



(|(w,u*)|^A^) v{du) 



< oo. 



lim / \p{gn{s))-p{g{s))\ds = Q. 



(5.6) 



Another application of Lebesgue's dominated convergence theorem shows that 

lim/ \{gn{s),Qg^{8))-{g{8),Qg{s))\ds = Q, (5.7) 

since \{gn{s),Qgn{s))\ ^ (? < oo for all s e [0,r], n e N. Define for each n e N the 
functions 

hn : [0,r] ^ C, /i„(s) = ^ (e*<«.SnW> _ i _ i{u,gM) 1b^((w, <?n(s)))) v{du) 
and the function 



/:R^C, /(/3) = 



e»/3-i-i/jig^(^) 
^2 Al 



Clearly, the function / is bounded and continuous. It follows from (5.3) by Lemma 3.1 

that 



sup sup |/in(s)| = sup sup 

neNs6[0,T] neNse[0,T] 



/((u,ff„(s))) ((u,5„(s))2 A 1) v{du) 



^ 11/11 

< oo. 



sup / ((w,u*)2 A l) i/(du) 
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Since for each s G [0,T] we have that lls'n(s) — g{s)\\ — >■ as n ^ oo it follows from (3.3) 
that 

lim = lim / /(/3)(|/3|'a1) (!/o5„(s)-i)(rf/3) 

= f /(/3)(|/3|'a1) {^og{s)-^){d(3) 
=: h{s). 

Lebesgue's dominated convergence theorem implies that 

lim / \hn{s) - h{s)\ ds = 0. (5.8) 

The limiting behaviour (5.6) to (5.8) shows the claimed continuity of ^. □ 

Lemma 5.2. The operator J : H{U*) — > L'^{Cl;]R) defined in (5.2) is continuous where 
ip(fi; R) is equipped with the topology of convergence in probability. 

Proof. Let (.9ri)neiN C H{U*) be a sequence converging to g in T-L{U*). Then, by linearity 
of J it follows that J{gn) converges to J{g) in probability if and only if J{gn — 5) — > in 
probability. However, the latter convergence occurs if and only if J(gf„ — g) weakly. 
It is easy to see that the characteristic function 'fij(g^) : R ^ (D of J{gn) is given by 

<^7(s„)(/3) = exp ^ *(/35„(s))dsj for all ^eR. 

Consequently, it follows from Lemma 5.1 that fj{g^){f3) converges to ipjt^g){f3) for all 
/3 e R, which completes the proof. □ 

Since U* is separable the space L^p{Q,; U*) is an F-space, i.e. a complete metric space 
where the metric is translation invariant. Since J : H{U*) ip(fi;R) is linear and 
continuous it is also uniformly continuous due to the translation invariance of the metric. 
The principle of extension by continuity ([8, Thm.17, p. 23]) enables us to extend the 
mapping J to the space D+([0,T]; U*), that is 

J{g) := lim J(5„) inL?,(fi;R), 

n^oo 

where {^njneiN ^ T-L{U*) is chosen such that 5„ — )■ 5 in D+{[0,T];U*). Lemma 5.1 
implies that the characteristic function <fij{g) : R — )• C is given by 

V7(s)(/3)=exp|^^ ^{I3g{s))ds^ for all ^eR. (5.9) 

Now we are coming back to our aim to introduce a cylindrical integral for integrands 
with values in jC{U,V). For that purpose, let / : [0, T] jC{U,V) be a function and for 
each s G [0,T] denote by f*{s) the adjoint of /(s) : U ^ V. We say that the function 
/ : [0,r] ^ C{U,V) is weakly in D+{[0,T];U*) if f*{-)v* is in D+{[0,T];U*) for each 
V* €V*. Clearly, the function s i-)- f*{s)v* is measurable for each v* €V*. 



17 



Lemma 5.3. If L is a cylindrical Levy process with symbol ^ : U* ^ (D and f : [0, T] 
C{U,V) is weakly in D+{[0,T]-U*) then 

Z{f) : V* ^ L%{n- R), Z{f)v* := J{r{-)v*) 

defines a cylindrical random variable with characteristic function 

Vzif) : V* ^ C, (pz(/)K) =exp ^{f* {s)v*) ds^ . 

Proof Since f*{-)v* G D+{[0,T];U*) for every v* G V* we have sup^gjg-p] ||/*(s)?;*|| < 
oo for all V* gV*. Thus, the uniform boundedness principle implies 

m:= sup ||/*(s)||^._^y. < oo. (5.10) 
se[o,T] 

Consequently, we obtain that (•)'*^* lloo ^ which imphcs the continuity of Z : 

V* L%{n;-R) by the continuity of J : D+i[0,T];U*) L?,(n;R). The form of the 
characteristic function follows immediately from (5.9). □ 

The cylindrical random variable Z{f) is called the cylindrical integral of f. In order to 
consider stochastic partial differential equations in the usual setting of classical random 
variables, we require more: 

Definition 5.4. A function / : [0,T] C{U,V) is called stochastically integrable on 
[0,T] w.r.t. 1/ if / is weakly in D^{[Q,T];U*) and if there exists a random variable 
/(/) -.n^V such that P-a.s. 

(/(/),«*) = Z{f)v* for all V* e V* , 

where Z{f) denotes the cylindrical integral of /. In this case /(/) is denoted by 

m= f f{s)dL{s). 

Jo 



The cylindrical integral Z{f) : V* — )■ L^{Sl; R) is induced by a classical random variable 
/(/) if and only if its cylindrical distribution extends to a Radon measure, say ^, see 
[33, Th. IV. 2. 5, p. 216]. In this case the characteristic function of ^ coincides with 
the characteristic function of Z{f) and it follows that ^ is an infinitely divisible Radon 
measure. Consequently, we have to find conditions such that the characteristic function of 
Z{f) is in fact the characteristic function of a Radon measure and not only of a cylindrical 
measure. Such conditions are known in Hilbert spaces or more general, in Sazonov 
spaces, in the form of a generalisation of Bochner's theorem in M!^. However, since 
the Radon measure ^, if it exists, is infinitely divisible, one can consider its prospective 
characteristics. If {p, Q, u) denotes the cylindrical characteristics of L then Lemma 5.3 
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implies for each v* e V* that 

r-T 1 /-T 



¥'z(/)K) = exp|^zy^ p{f*{s)v*)ds-^J^ {fisy ,Qr{s)v*) ds 

^[ L (^'^"'^*^'^'*^ - 1 - (^)^*) iB.((«,r(s)^;*») v{,du)d^ 

= exp|^z^ p{f*{s)v*)ds-\j^ {ris)v*,Qr{s)v*}ds (5.11) 

+ |^(e^<'''''*>-l-i(^;,^;*)lB^((^;,t;*))) ((i. ® leb) o x7^)(d^;)) , 

where : [0,T] x J7 — ^ F is defined by x/(s,u) := f{s)u. It follows that the cylindrical 
distribution of Z{f) is described by 

Pf.V*^ R, p/(^;*) r p{f{s)v*)ds, (5.12) 

Jo 

g/:l/*^y, Qf{v*)= [ {ris)v*,Qr{s)v*)ds (5.13) 

: Z(y) -i^ [0,oo], z// = (i^ ® leb) o (5.14) 

In the work [28] we introduce the class of infinitely divisible cylindrical measures and it 
is easy to see that the cylindrical distribution of Z{f) belongs to this class. In analogy to 
cylindrical Levy processes, the triplet {pf,Qf,vf) is called the cylindrical characteristics 
ofZif). 

Theorem 5.5. For a function f : [0,T] jC{U,V) which is weakly in D+{[0,T];U*), 
the following are equivalent: 

(a) / is stochastically integrable on [0,T]/ 

(b) the following is satisfied for {pfjQfjUf) defined in (5.12) to (5.14); 

(1) Vf extends to a Radon measure and Levy measure on B{V); 

(2) the mapping k -.V* ^ ]R is weakly* sequentially continuous where 

n{v*)= r p{f*{s)v*)ds+ [ {v,V*){lBAv)-lBA{v,V*)))'^f{dvy, 

Jo Jv 

(3) the operator jf : L'^{[0,T];Hq) V defined by 

{v*,3f9) = r[9{s),i*f*{s)v*]H^ ds for all v* G V*, 
Jo 

is 'y-radonifying where Hq is the RKHS of Q and i : Hq — > U its embedding; 

In this situation the stochastic integral of f is an infinitely divisible random variable in 
V with characteristics {hf,Sf,Vf) where Sf = jfj} and bf gV satisfies (6/,-) = «(•)• 
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Proof, (b) (a): If jj is 7-radonifying then the operator S := j jjj : V* ^ V in the 
covariance operator of a Gaussian measure 75 in B{V). The characteristic function of 
7s is for each v* G V* of the form 

<^^,(t;*) = exp(-i(5^;*,^;*)) =exp (-1 [i* r{s)v* ,i* r{s)v*]Hc, ds 

{ns)v*,Qr{sX)dsy (5.15) 

By the very definition of a Levy measure (see Section 2) , condition (3) imphes that there 
exists a Radon measure pi on B{V) with characteristic function 

<fip,{v*) = exp (^J (e'^"''"'^ - 1 - i{v,v*) 1bv{v)) i^f{dv)^ for all v* e V*. 

According to [1, Th.3.9] the cylindrical Levy process L can be decomposed into 

L{t)u* = W(t)u* + P{t)u* for all u* GU*,t^O, 

where W and P arc independent, cylindrical Levy processes with characteristics (0, Q, 0) 
and {pjOjv), respectively. It follows that 

Z{f)v* = Zw{f)v* + Zp{f)v* for all v* eV*,t^O, 

where Zw is the cylindrical integral w.r.t W and Zp w.r.t. P. Let X be a ^-valued 
random variable with probability distribution pi , which we can choose to be independent 
of P by extending the underlying probability space to {fl',A',P'). It follows that 

Y -.V* ^ L% {Q': R), Yv* = Zp{f)v* - {X, v*) 

defines a cylindrical random variable with characteristic function 

tpY --V* ^ €, ifviv*) = exp(m(w*)). 

Since the infinitely divisible, real- valued random variables Zp{f*)v* and {X,v*) have no 
Gaussian part but the same Levy measure vj o the Levy-Ito decomposition in R 
implies that Yv* equals the real number k(v*) P-a.s. for each v* G V*. The linearity 
and continuity of Y implies that k e y** _ A corollary to the Krein-Smulyan theorem 
guarantees by condition (2) that there exists abf & V such that {bf,v*) — k{v*) for all 
V* gV*. Consequently, we can define the Dirac measure 6b j, of the point bf gV. Then 
the convolution p2 := ^6^, * pi is a Radon measure in B{V) and its characteristic function 
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(^P2 is for each v* € V* of the form 



= exp(^i{bf,v*) + j (e"^^''''^ -l-i{v,v*)lBy{v)) Vf{dv)^ 

= exp 1^*^ (p{r{s)v*) + j^{f{s)u,v*){lBy{f{s)u)-lBM{s)u,v*))) u{du))ds 

+ £ (e^^/W"'"*) - l-i{f{s)u,v*) lBy{fis)u)) u{du)ds^ 
= expl^J p{f*{s)v*)ds (5.16) 

It follows that the convolution £, := js * P2 is a Radon measure in B{V). By multiply- 
ing the characteristic functions in (5.15) and (5.16) one obtains that the characteristic 
function of ^ coincides with the characteristic function of Z{f) which is given in (5.11). 
Consequently, [33, Thml. IV. 2. 5, p. 216] guarantees that there exists a random variable 
I lil with (7, V*) = Z{f)v* for all v* € V*, which shows the stochastic integrability 
of/. 

Since ^ ~ S^f * * Pi it is easy to see that the characteristics of the infinitely divisible 
probability measure ^ arc of the claimed form. 

(a) (b): Let /(/) : ^ V denote the stochastic integral of / and let (6, 5, /i) be 
the characteristics of the infinitely divisible random variable /(/). Then, due to the 
uniqueness of the Levy-Khintchine formula in R, for each v* € V* the characteristics of 
the real-valued random variables {I{f),v*) and Z{f)v* coincide which results in 

(6,^;*)- / {v,v*){1bAv) - 1bA{v,v*))) fi{dv) = C p{ns)v*) ds, (5.17) 
Jv Jo 

{v, Sv*)= r{r{sX,Qr{s)v*)ds. (5.18) 
Jo 

Here, we obtain the characteristics of {I{f),v*) on the left hand side by a standard 
calculation for the transform of an infinitely divisible measure under a linear mapping, 
whereas the characteristics of Z{f)v* on the right hand side is given in (5.12) and (5.13). 
To show that the integral on the left hand side in (5.17) exists, let v* S V* and define 
D{v*) :={vGV: \{v,v*)\ < 1}. It follows that 

/ \{v,v*)\\1bAv)-1bA{v,v*))\ iiidv) 
Jv 



[ \{v,vn\ l^idv) + [ \{vX)\t^{dv) 

J BvniDiv'))" JB^nD(v') 

€\\V*\\[ p{dv) + f,{B'y). 

Jl<\{v,v')\ 

= |K|| (/xo7r-.i)(S^)+MS^)- 
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Both terms arc finite since /i o tt"* and ii are Levy measures, sec [16, Prop. 5. 4. 5]. 
Equahty (5.17) implies that k is a F-valued functional and thus, it is weakly* continuous. 
It follows from equality (5.18) that jfjj is the covariance operator of a Gaussian measure 
on B{V) which means that jf is 7-radonifying. 

For each v^,. . . G V* and n e N it follows that the R"-valued infinitely divisible 
random variables ({I{f),vl), . . . , {I{f),v^)) and (Z{f)vl, . . . , Z{f)v*) have the same 
Levy measure, i.e. 

IJ'°KI...,v'^ = ((z/®leb) 0x7^) ° ^7/,. 

where iVy* is defined in Section 2. Consequently, the image cylindrical measure 

{i^ (g) leb) o extends to a Radon measure and the extension equals the Levy measure 

□ 

Condition (1) in Theorem 5.5 requires that i^f is a Levy measure on B{V) whereas Con- 
dition (3) requires that there exists a Gaussian Radon measure on B{V) with covariance 
operator jfjf- For both requirements there are no explicit conditions known in general 
Banach spaces. However, there are a few situations where one can significantly simplify 
these conditions. We demonstrate this simplification in a few results below. Examples 
of applying these results follow in the next sections. 

Remeirk 5.6. For a well defined integral we expect that if / : [0,T] — )• C{U,V) is 
stochastically integrable then the function 

/* : [0, T] ^ £([/, V) ftis) = l[o,t] (s)/(s) 

is also stochastically integrable. Indeed, if / satisfies Condition (3) in Theorem 5.5 then 
one can show by Slepian's Lemma that ft also meets this condition, see [34] . Deriving the 
same result for Condition (1) we firstly have to show that Vf^ extends to a Radon measure 
if Uf does so. This requires a generalisation of Prohorovs' Theorem for the radonification 
of finite cylindrical measures ([33, Th.VI.6.2]) to non- finite cylindrical measures. In a 
second step one has to establish that the inequality Vf^ ^ Vf, satisfied by the cylindrical 
measures Vf^ and Vf, generalises to their Radon extensions. In this case. Proposition 
5.4.5 in [16] implies that the Radon extension of Pf^ is a Levy measure, i.e. z^/, satisfies 
also Condition (1) in Theorem 5.5. Unexpectedly, the same kind of reasoning cannot 
be applied to the deterministic part, i.e. it is not clear that ft satisfies Condition (2) in 
Theorem 5.5 for t € [0, T] if / does. Due to this problem, and the rather lengthy, technical 
proof for the implication for Condition (2), we do not elaborate on this property further 
in this article, but postpone it to later work. For this reason, we have to require in a 
few results in the following sections that a function / : [0, T] C{U, V) is stochastically 
integrable on [0,i] for all t G [0,T]. 

We begin with the most important case of a Hilbert space V with a given orthonormal 
basis (efe)/jg]N. We define the space Vn := spanjei, . . . , e„} and we denote by 7r„ : F — ?• F 
the orthogonal projection on Vn for each n G N. Note, that since 7r„ is a Hilbert-Schmidt 
operator as a finite rank operator, the image cylindrical measure Vf o extends to a 
Radon measure on B{V). 

Theorem 5.7. Assume that V is a separable Hilbert space. For a function f : [0,T] — > 
jC{U,V) which is weakly in D+{[0,T];U*) the following are equivalent: 
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(a) / is stochastically integrable on [0,T]; 

(b) the following is satisfied for {pf,Qf,Uf) defined in (5.12) to (5.14); 
(la) for each e > there exists a compact set K CV such that 

sup {i^f o TT-i) {K n B^) < oo, sup {uf o ^-1) {K' n B^) < e; 

(lb) limsup sup / I (e/j, t;)^ A 1 ] Uf{dv)=0; 

(2) there exists bf gV such that for all v* gV and n e N we have 

{bf,v*)= [ p{f*{s)7:nv*)ds+ [ {v,v*){lBy{v) - 1bA{v,v*))) {uf on-'){dvy, 
Jo Jv 

(3) r tv[f{s)Qf*{s)] ds <oo. 
Jo 

In this situation, the stochastic integral of f is an infinitely divisible random variable in 
V with characteristics {bf,Qf,Uf). 

Proof. In order to sec the reformulation of condition (3) in Theorem 5.5, note that 
the class of 7-radonifying operators coincides with Hilbert-Schmidt operators in Hilbert 
spaces. We obtain for the Hilbert-Schmidt norm H-jl^^^^. of : V* L'^{[0,T]; Hq) 

lb7llL(v.,L=)=E / ^*ns)ek,i*f*{s)eu\H^ds= / tr[f{s)Qf*{s)]ds. 

Thus, the conditions (3) in Theorem 5.5 and Corollary 5.7 are equivalent. 
Due to the first part of the proof, we can assume in the following that L is a cylindrical 
Levy process with cylindrical characteristics {p,0,v). If / is stochastically integrable it 
follows from Theorem 5.5 that Vf extends to a Radon measure and it is a Levy measure 
in V . Since F is a Hilbert space, the latter means 

j {\\vf A 1) Uf{dv) < 00, (5.19) 

which shows Condition (lb). Moreover, the Levy measure Vf is finite on B{V) n By 
which implies Condition (la). 

It remains to show that Conditions (la), (lb) and (2) imply that the cylindrical distri- 
bution of Z{f) extends to a Radon measure. Since Z{f) is a cylindrical random variable, 
the function 

<^p„ : R" C, ¥'p„((/3i, ■ • ■ ,/?«)) = ¥'z(/)(,5iei + • • • + /3„e„) 

is the characteristic function of a probability measure p„ on S(R") for each n G N. By 
considering p„ as a measure on Vn we define a Radon measure 

/x„ :e(y)^ [0,1], ^ln{B)■.= Pn{.Bf^v^). (5.20) 
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It follows for each v* that 

1™ 1™ ^z{f){{ei,v*)ei-\ l-(e„,u*)e„) = ipz(^f){v*). 



(5.21) 



We show in the following that (/Ltn)raeN converges weakly to a Radon measure which 
coincides with the cyhndrical distribution of Z(f) on Z{V) due to (5.21). 
Firstly, we show that (/x„)„g]N is relatively shift compact. Equivalently, we establish that 
(Mn)n6N is wcakly relatively compact, where /i„ := /U„ * /U~ and /U^(.B) := ;U„(— B) for 
all B e B{V), scc[16, Prop.2.5.5]. By using the inequality 1 - cos/3 < 2(^2 f^j. 
/3 G R we obtain for every ti* G F that 

1 - V'An K) = 1 - exp ( cos{{v, V*)) - 1) (z// + iyj){dv)^ 

<2 / {{v,v*fM) {uf + uj){dv) 
Jv 

4 / A 1) ly/idv). 



Let sTto denote the density of the standard normal distribution on S(R™) and let Yi, . . . , 
be independent, standard normally distributed real-valued random variables. For every 
m, n e N with m ^ n it follows that 

/ ( 1 — Re {(3mem H + /?« ^n- ) I ^n— m+1 



^4 



/ / 

J-^n-m+l Jy 



J2 /^fc^^' 





n 


2 


Jv 




A 1 




k=m 





^4 



X 



E 



k=m 



Ck) A 1 J Vfidv) 

yn— m+1 

Vf{dv) 

A 1 Vfidv) 



■dpn 



Condition (lb) implies that 

limsup sup / ( ■'■ ~ ^^fftni^^mS^m + • • • + Pn^ri) ]9n-m+l n 

m^cso n^mJR^-^+i ^ ^ 



■d^n 



= 0, 



which shows by [23, Lc.VI.2.3] that the family {/in}neN is weakly relatively compact. 
Next we show that the set (<^/t„)raeN is equicontinuous at in the topology of uniform 
convergence on compact sets in V. Here, the topology, denoted by Tc = Tc(F*,y), is 
generated by the seminorms {dK : K compact}, where 

dK{v*) := sup \{v,v*)\ . 
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Condition (2) enables us to rearrange the characteristic function for every v* gV to 

'Pl^ni'"*) = ^ Z(f ){T^nV*) 

= exp j%{r{s)T:nV*)ds + -l-i{v,T,nV*) ((i;, 7r„^;* ))) Vf{dv)^ 

= exp (^i{bf,Trr,v*) +i J^{v,v*){1b^{{v,v*)) - 1bv{v)) {^f ° K^){dv) 

+ (e^^-""-''*) - 1 - i{'KnV,V^) iB^i-KuV^V*))) Uf{dv)^ (5.22) 

For every m < n and v* G By we obtain 

m n 

\{bf,TTnV*)\ ^^\{bf,ek){v*,ek)\+ ^ \{bf,ek){v*,ek)\ 

k=l k—m-\-l 



oo 



k—l A;— m+1 



for K = pmiBv), which shows the Tc-cquicontimiity of the mapping v* i— ^ (6/,7r„i;*) on 
By- For each compact subset K <ZV and v* G By we obtain 

/ \{v,v*)\\1bA{v,v*)) - IbAv)\ Wfon-'){dv) 
Jv 

< PK{v*){iyf o 7r-^)(i^ n B^y) + {vf o T,-^){K^ n s^). 

Consequently, Condition (la) shows the Tc-equicontinuity of the second term in (5.22). 
For the last term in (5.22), we conclude for each v €:V,v* & By and m that 

1 (^ei<-n.,.*> _ 1 _ i{T,^v,V*) iB^i^nV, V*))) 

^ ((7r„w,?;*)2Al) 

^ l2lf2{v,ek){v*,ek)\ +2I ^ {v,ek){v* ,ek)] |a1 

\ \k=l ) \fe=m+l / / 

< j2m(pK(w*))'X^(w,efc)'Al J + (2||^;*||' ^ (w,efe)2Alj, 

\ fc=l / \ fe=m+l / 



where = "PmiBy). For a given e > Condition (lb) enables us to choose m such that 



sup 



/(2 V (i;,efc)2Al) z./(dt;)<£. 

\ fc=m+l / 
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It follows for each v* e By that 



^ (^2m {pK{v*)f fy,^^ efc)' A 1^ i^fidv) + ^ ^2 ^ {v, ekf A 1^ Uf{dv) 
^Y. {2rnipK{v*)f {v,ekf Al^ Uf{dv)+e 

k=l •'^ 

m „ 

<^ sup / {{v,v*f M) Vf{dv)+e. 

fe=l 11"' II ^v'2ni Pk{v' ) •'V 



Applying Lemma 3.1 implies that cp^^ is Tc-equieontinuous in on By- Since (/U,n)neiN is 
relatively shift compact and ((^p^)„g]N is Tc-equicontinuous, it follows from [16, Th.2.3.7], 
that {p-n)ne¥i is weakly relatively compact. Due to (5.21) the sequence {pn)ne'N converges 
weakly to a Radon measure which coincides with the cylindrical distribution of Z(f) on 
Z{V). □ 

Remark 5.8. 

(a) The proof of Theorem 5.7 shows that Condition (la) in Theorem 5.7 can be replaced 
by 

(la') the sequence (s„)„£]n is Tc-equicontinuous at zero, where 

s„:y*-^R, Sn{v*)= [ {v,v*){lBA{v,v*))-lBy{v)){i^f0 7r-'){dv). 

Jv 

(b) If is symmetric then Vf is also symmetric. In this case the previous remark 
guarantees that Condition (1) in Corollary 5.7 is satisfied. If in addition the first 
entry p of the cylindrical characteristics {p, Q, v) of L is zero, then also Condition 
(2) in Corollary 5.7 is satisfied. 

Corollary 5.9. Under the assumption of Theorem 5.5 we have the following: 

(a) IfVis of type p G [1,2], then Condition (b) of Theorem 5.5 with (1) replaced by 

{!') Vf extends to a Radon measure and Jy ^ A 1^ t^f{dv) < oo, 

implies that f is stochastically integrable [0, T] . 

(b) If V is of cotype q S [2,oo) then the stochastically integrability of f on [0,T] implies 
Condition (b) of Theorem 5.5 with (1) replaced by 

(1') Vf extends to a Radon measure and Jy ^ ||w||'' A 1^ i>f{dv) < oo. 

Proof. The reformulation of Condition (1) in Theorem 5.5 follows in both cases from 
the article [7]. In this work the authors establish sufficient conditions in Banach spaces 
of type p and necesssary conditions in Banach spaces of cotype q for a cr-finite Radon 
measure to be a Levy measure. □ 

Corollary 5.10. // V is the space £p of sequences for p G [2,oo) equipped with the 
standard basis {ek)keTS>i) then Condition (b) in Theorem 5.5 can be replaced by 
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(b) the following is satisfied for {pf,Qf,Uf) defined in (5.12) to (5.14); 
(la) Vf extends to a Radon measure on Biy); 

(lb) / (||t;f Al) yf{dv) <oo. 
Jv 

(lc)f;f/ \{v,e^)\' vf{dv)\ <oo. 

(2) the mapping k : — >■ R is weakly* sequentially continuous where 

<v*)= [ p{f*{s)v*)ds+ [ {v,v*){lBAv)-lBA{v,v*)))>^f{dv); 
Jo Jv 



CO / „q 



\ P/2 

f* {s)ek\\HQ ds < oo; 



Proof. Condition (3) can be rewritten as 

oo cx) oo / ^.T \ ^/"^ 

fe=l fe=l fe=i V-'o / 

According to [33, Thm. 5.6, p. 334] the operator jfj*j : V* ^ V is & Gaussian covariance 
operator if and only if the sum on the left hand side is finite. 

The class of Levy measures in is described by the conditions in (lb) and (Ic) according 
to a result in [15]. □ 



6 Cauchy problem 

In this section we apply our results on stochastic integration to consider a stochastic 
Cauchy problem with respect to a cylindrical Levy process {L{t) : i ^ 0) in a separable 
Banach space U, that is 

dY{t) = AY{t)dt + BdL{t) for all t G [0,r], 

no)=.o. ^'-'^ 

Here, A is the generator of a Co-scmigroup {S{t))t^f) on a separable Banach space V and 
B :[/—>■ y is an operator in C{U, V). The initial conditional yo is assumed to be an 
element in V. The classical definition of a weak solution reads as follows. 

Definition 6.1. A F- valued stochastic process {Y{t) : t £ [O.T]) is called a solution of 
(6.1) if it is weakly progressively measurable and for every v* G I?(A*) and t G [0,T] we 
have, P-a.s., 

{Y{t), V*) = {yo, V*) + I\y{s), A*v*) ds + L{t){B*v*). (6.2) 
Jo 

It turns out in the following result that the solution exhibits a further regularity property 
which is important for establishing a necessary condition for the existence of a solution. 
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Definition 6.2. A F-valucd stochastic process {X{t) : i ^ 0) is called weakly Bochner 
regular if for every sequence ((?ra)neN C C([0, T];V*) with supg^jQ^j^j ||5'n(s)||y. — >■ there 
exists a subsequence {gnk)keTt^ ^ (fl'n)neN such that 



I 



T 

(X(s),g(„j.(s)) rfs — )• P-a.s. as fc — )• oo. 



Note, that if X has a.s. Bochner integrable paths on [0,r] the process X is also weakly 
Bochner regular. 

Theorem 6.3. If the mapping s S{s)B is stochastically integrable on [0,t] w.r.t. L 
for each t G [O.T], then there exists a weakly Bochner regular solution of (6.1). In this 
situation, the solution is represented by 

Y{t) = S{t)yo + f S{t- s)B dL{s) for all t € [0, T]. 

Jo 

Proof. We can assume yo = due to linearity and we define for each t € [0,T] the 
function 

ft : [0,T] ^ CiU,V), ft{s) - l[o,t](,s)5(,s)S. 

Our assumption guarantees that every ft is stochastically integrable. It can be seen from 
(5.11) that the characteristic functions of Z{ft{t—-)) and Z{ft{-)) coincide. Consequently, 
s l[o^t]{s)S{t — s)B is stochastically integrable and we may define 

Y{t) := / S{t - s)B dL{s) for aU t G [0, T]. 
Jo 

In this situation, it is straightforward to establish a simplified version of a Fubini type 
result, that is 

lo ilo " ^^('■^) = [ Mo,s\ir)B*S*{s - r)v* ds^ dL{r) 

P-a.s. for all v* G V* . The stochastic integrals here and in the following are the 
cylindrical integrals Z{ft{t—-)) introduced in Lemma 5.3. We obtain for each v* G V^A*) 
that 



{Y{s),A*v*)ds= i [I B*S*{s-r)A*v* dL{r)] ds 



JO \J0 

t 



= B*S*{s-r)A*v* ds^ dL{r) 

= (^B*A* S*{s-r)v*d^ dL{r) 

{B*S*{t - r)v* - B*v*^ dL{r) 



= {Y{t)y)-L{t){B*v*). 

The real- valued stochastic process (^Z{f^{t — ■))v* : t G [0,T]) is measurable for each 
V* G V* which can be seen by firstly approximating the integrand ft{t — ■)v* by simple 
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functions. Since {Y{t),v*) = Z{f^{t— ■))v* for every v* e V* , Pettis' measurability 
theorem implies that Y := {Y{t) : t € [0,T]) is measurable. Since the stochastic process 
Y is adapted, it is also progressively measurable. 

In order to show that Y is weakly Bochncr regular let {gn)ni^¥i be a sequence in C([0, T]\ V*) 
with Qn — > 0. The random variable /q (F(s),3„(s)) ds is infinitely divisible and its Levy 
symbol is given by 



: in- 



C, ^n{P)= f I ^m*S*{s-r)gn{s))drds, 
Jo Jo 



where \1/ :[/*—>■ (D is the cylindrical Levy symbol of L. It follows from Lemma 5.1 for 
every s e [0, T] and ^ e IR that 

*(/3B*S'*(s - r)g„{s)) dr ^ as n -s- oo. 

Due to supgg[Q sup,,g[g_j,] \\(3B*S*{s — r)gn{s)\[ < oo it follows by the same estimates 
as in the proof of Lemma 5.1 that 

sup sup |*(^B*5*(s-r)ff„(s))| < oo. 

se[0,T] re[0,s] 

Lcbosgue's theorem of dominated convergence implies $n(/3) — ^ for every /3 € R, which 
shows the weakly Bochner regularity of Y . □ 

Proposition 6.4. Let V he a reflexive Banach space. If there exists a weakly Bochner 
regular solution of (6.1) then the mapping s S{s)B is stochastically integrable on [0,t] 
w.r.t. L for each t e [0,T]. 

Proof. One establishes for / e C^([0, T]; R) by firstly approximating / by step functions, 
the identity 

/ f{s) d{L{s)u*) = [ f{s)u* dL{s) P-a.s. for every u* GU*,tG [0,T], 
Jo Jo 

where on the left hand side the integral is a Lebesgue-Stieltjes integral and on the right 
hand side the cylindrical integral introduced in Lemma 5.3. By integration by parts it 
follows for / e Ci([0,T];IR) and e V* that 



/* f'{s)L{s){B*v*)ds = f{t)L{t){B*v*) - f f{s) d{L{s){B*v*)) 
Jo Jo 

= fit)L{t){B*v*) - f f{s)B*v* dL{s). (6.3) 
Jo 

Next we can follow the lines in [34] and show for the solution Y and for all t e [0,T], 
V* e V{A*) we have, P-a.s., 

{Y{t),v*)= f B*S*{t- s)v* dL{s). (6.4) 
Jo 
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For that, let / € ([0, T]; R) and v* e 'D{A*) and observe that integration by parts and 
equation (6.3) yield 

ns){Y{s),v*)ds 



= J* fis) (^J\Y{r),A*v*) dr^ ds + f'{s)L{s){B*v*)ds 

= f{t) f{Y{s),A*v*)ds- f f{s){Y{s),A*v*)ds 
Jo Jo 

+ f{t)L{t){B*v*) - [ f{s)B*v*dL{ds). 
Jo 

By multiplying (6.2) with f{t) and putting F = f ^v* we therefore obtain 



{Y{t),F{t)} 



f {Y{s),F'{s)+A*F{s))ds+ f B*F{s)dL{s). (6.5) 
Jo Jo 

We can find a sequence F„ G span{/ <^ w* : / G i[0,t];'R), w* G V{A*)} such that 
F„ converges to G := S*{t--)v* in C\[0,t];V*) nC{[0,t];V{A*)). The weakly Bochner 
regularity implies for a subsequence that 

{Y{s), F' (s) + A*Fn^ (s)) ds^O P-a.s. for k ^ oo. (6.6) 



/ 

Jo 



10 

Since F„ ^ G in C{[Q,t];V*) it follows from Lemma 5.3 that 

lim / B* F„{s) dL{s) = [ B*G{s)ds in probability. 
Jo Jo 

Consequently, the equality (6.5) holds true for F replaced by G, which results in equality 
(6.4), i.e. 

{Y{t), V*) = Z{ft{t - ■))v* for all v* G V{A*). (6.7) 

Consequently, the characteristic functions of Y{t) and Z{ft{t — •)) coincide on D{A*). 
Since the characteristic function of both Y{t) and Z{ft{t—-) are continuous in the strong 

topology and 'D{A*) is dense in V* it follows from (6.7) that these characteristic functions 
coincide on V* , which shows the stochastically intcgrability oi ft{t — ■) . □ 

Example 6.5. We consider the following example of a stochastic Cauchy problem, 
which is treated in [26]. Let A : X'(^) V he the generator of a strongly continuous 

scmigroup(5'(/:))/^o on a Hilbert space V with an orthonormal basis {ek)ke¥i C ^{A). We 
assume that A is self-adjoint and satisfies Ack = —Jk^k for some 7fe > with jk oo. 
Let L be the cylindrical Levy process inU = V defined by 

oo 

L{t)v* = ^{ek,v*)akhk{t), for all v* eV,t^Q, 
fc=i 

where {cTk)keN S ^2a/(2-a) g^j^^j {hk)keK are independent, identically distributed, stan- 
dardised, symmetric, a-stable Levy processes, see Example 4.5. Lemma 4.2 guaran- 
tees that the cylindrical characteristics of L is of the form (0, 0, v) where ly satisfies 
u o ■jT~^ = po . We consider the stochastic Cauchy problem 

dY{t) = AY{t) dt + dL{t) for all t G [0, T]. (6.8) 
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According to Theorem 6.3 and Proposition 6.4 the stochastic Cauchy problem has a 
weakly regular Bochner solution if and only if s S{s) is stochastically integrable on 
[0, t] with respect to L for each t G [0, T], for which Corollary 5.7 provides necessary and 
sufficient conditions. Since the first two entries of the cylindrical characteristics of L are 
zero and due to Remark 5.8.b, these conditions reduce to Condition (lb) 



limsupsup / ^(e/c,w)^Al 



^swMv) = 0, 



for all t e [0,T]. Clearly, it is sufficient to show this condition for t = T. The inde- 
pendence of (/i/c)feGN implies that the cylindrical Levy measure u has only support in 
UftLi ^k, where Ek :=span{efe}. Consequently, we obtain 

/ ( I^(efc,^^)'Alj us{dv)= j j ( f^(efc,5(s)u)2Alj v{du)ds 

= 51/ / {{e~^'''ek,uf M) v{du)ds 

n „T „ 

= E / / (|e"^'='/3|'Al) {vo^-^){dl3)ds 

n ,.T ,. 

= E / / (kfee"^'='/3|'Al) p{dfi)ds 

k=m "'O •^'^ 



E 



,=„«'(2-«) Ik 

Thus, there exists a weakly Bochner regular solution of (6.8) if and only if 



i:^^<c„. (6.9) 

fe=l 



7 Spatial regularity 



In this and the next section we consider regularity properties of the solution of (6.1). 
Obviously, properties of the solution Y depend on the cylindrical process {BL{t) : Q) 
in V, defined by BL{t)v* := L{t){B*v*), v* G V*, rather than solely on L. However, 
since BL defines a cylindrical Levy process in V we can and will assume the noise acting 
on the same space as the semigroup. More specifically, we consider 

dY{t) = AY{t) dt + dL{t) for t € [0,T], 
Y{0) = yo, 

where A is the generator of a strongly continuous semigroup {S{t))t^o on a separable 
Banach space V, yo G V and L is a cylindrical Levy process in V. Assume that there 
exists a solution {Y{t) : t G [0,r]) of (7.1). 

Spatial regularity refers to the following question: if the operators S{t) : V ^ V have 
in fact range in a smaller Banach space W ^ V, does then the solution Y attain values 
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in the smaller space W although the noise lives in the larger space V? 



Answer: If the function 



fv ■■ [0,t] ^ C{V,V), fy{s) = Sis)v 

is stochastically integrable for each t € [0,T] then Theorem 6.3 guarantees that the 
solution Y of (7.1) in V is given by 

Y{t) = S{t)yo + [ S{t- s) dL{s) for all t e [0, T]. 

Consequently, the solution Y(t) has values in a smaller Banach space W \i and only 
if the stochastic integral is a W-valued random variable, which, according to Definition 
5.4, requires that 



fw:M^C{V,W), 
is stochastically integrable. 



fw{t) = S{t)v 



Example 7.1. (continues Example 4.7) 

We consider now equation (7.1) in a separable Banach space V driven by the subordinated 
cylindrical Wiener process introduced in Example 4.7. Recall that He denotes the RKHS 
of the subordinated cylindrical Wiener process and ic ■ He — >■ V its embedding. We 
firstly assume; that the; cylindrical Levy process L does not have a Gaussian part, that is 
we take a subordinator with characteristics (0, 0, p). Let be a Banach space of type 
p e [1, 2]. Then we claim that a function / : [0, T] — > L{V, W) is stochastically integrable 
if 



poo pT 

Jo Jo V"''^' \\fi')°'crn^iHo,w) A l) dspidr) < oo. 



(7.2) 



Here, R{Hc, W) C jC{Hc, W) denotes the space of 7-radonifying operators g : He — W 
and 



\9\\rj,{Hc,w) 



E 



fe=i 



w- 



where (7fe)feeN is a family of independent, real-valued standard normally distributed 
random variables and {hk)keK is an orthonormal basis in He- We establish our claim 
by verifying the conditions in Theorem 5.5 and in Corollary 5.9. 
Since /(s) o ic : He -^W\s assumed to be 7-radonifying for every s G [0,T] and 



{v (g) leb) o X/ ^ = (((7 ®p)oK ^) 



leb 



it follows that vj extends to a Radon measure. 

The symmetry of the canonical Gaussian cylindrical measure 7 implies that the cylin- 
drical Levy measure v is symmetric, and thus the image cylindrical measure Vf is so. It 
follows that Condition (2) in Theorem 5.5 is satisfied and it remains to show the second 
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part of Condition (!') in Corollary 5.9: 



\f{s){V^ich)f Al^-f{dh)p{dr)ds 



r r {\rf^ [ ( \\f{s){ich)r ) 7{dh) A l] p{dr)ds 
Jo Jo \ JHc / 

= £ {\r\'^'\\mo^crn,iH,w)^^) Pidr)ds. (7.3) 

Thus, we have shown that Condition (7.2) implies the integrability f : V ^ W for 
each Banach space W of type p ^ 1. Since every Banach space is of type 1, we obtain 
the integrability of / in an arbitrary Banach space W if Condition (7.2) is satisfied for 
p=l. 

If there is a Gaussian part of the cylindrical Levy process L, we have to show that the 
operator if defined in Condition (3) in Theorem 5.5 is 7-radoniiying. This problem is 
considered in [34] and [35]. 

Let Y denote the solution of (7.1) in this setting and assume that (5(t))t^o is a semigroup 
on a separable Banach space W of type p e [1, 2] such that S{t) is in £{V, W) for each 
t^O. If the semigroup satisfies 

\\S{t)oic\\n^^Hc.w) < ^'^ for all t e [0,T], (7.4) 

for a constant < ^ and a constant c > and if yjr p{dr) < 00, then it satisfies 
(7.2). Thus, in this case the solution Y is in the smaller space W although the cylindrical 
noise is in V. 

The approach in [4] requires the authors to work in a larger Banach space X where 
the cylindrical Levy process L becomes a classical one. For that reason they can only 
consider a function g : [0, T] — )• jC{X, W) and they obtain the stochastic integrability of 
5 if 

/■oo rT 

|r|^/^ p{dr) < 00 and \9is)\c(x,w) ds < 00. (7.5) 

Assume that g satisfies condition (7.5) and define / := go j, where j : He — > X 
denotes the 7-radonifying embedding. The ideal property of R{Hc, W) implies that 
\\f{s)\\ RpiHcW) ^ llfl'(s)llz;(x,vr) \\j\\Rp(Hc,x) foi" a^ll s e [0,T] and we see that condition 
(7.5) implies our condition (7.2). Thus, our condition for integrability is not only weaker 
but it also states the condition for integrability of the function without introducing the 
larger space X as in (7.5). In particular, the approach in [4] leads to the condition 

\\Smcix,w) ^ ct-'^ for all t e [0, T], /? < i, 

to guarantee that the solution of (7.1) is in W. Again, this condition is stronger than 
(7.4) and considers the semigroup {S{t))t^o on the larger space X which is not related 
to the equation under consideration at all. 
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8 Temporal regularity 



For the solution of equation (7.1) there are different kinds of regularity in time. 

Definition 8.1. Let {Y{t) : t G [0,T]) be a stochastic process in a separable Banach 

space V. 

(a) Y is said to have a cddldg modification if there exists a modification of y in F with 
cadlag trajectories. 

(b) Y is said to have a weak cddldg modification if there exists a modification of Y in 
V such that for every v* € V* the stochastic process : t e [0,T]) has 
cadlag trajectories. 

(c) Y is said to have a cylindrical cddldg modification in a, suhspace D (~ V* if for every 
V* £ D the stochastic process {{Y{t),v*) : t e [0,r]) has a cadlag modification. 

The Levy nature of the driving noise in (7.1) implicates that the solution might also 
have jumps. This relation may exclude regularity properties of the solution of (7.1) if 
the noise is cylindrical, which is illustrated in the following example. 

Example 8.2. Let L be a cylindrical Levy process in a Hilbert space V such that 
{L{t)v* : t ^ 0) is the sum of its jumps for all v* € V* , i.e. L{t)v* = Y,o<s<t ^^i^)""* ■ 
Let y be a solution of (7.1) and assume that Y has cadlag trajectories and is a semi- 
martingale in V. It follows for every v* E 'D{A*) that 

L{1X= J2 ms)v*= E {^Y{s),v*}^\\v*f J2 \\^Yis)f. 

s6[o,i] se[o,i] se[o,i] 

Since F is a semi-martingale, it obeys 

J2 ||Ay(s)f <oo P-a.s., 
se[o,i] 

see [18, Cor.26.8]. Since V{A*) is dense in V it follows that 

sup |L(l)t;*| < oo P-a.s., 

Ik* Ki 

which implies by [33, Pro. II. 1.2] that there exists a F-valued random variable X such 
that L{l)v* = {X,v*) for all v*. It follows that L is induced by a genuine Levy process. 

Our methodology, based on cylindrical measures and cylindrical random variables, en- 
ables us to conclude easily a first regularity property: every solution Y of (7.1) has a 
cylindrical cadlag modification in ^{A*). For, according to the very Definition 6.1 the 
solution Y satisfies P-a.s. 

{Y{t),v*) = {yo,v*)+ I {Y{s),A*v*)ds + L{t)iv*) for all v* € V{A*). 
Jo 

By the definition of a cylindrical Levy process, the real- valued stochastic process {L{t)v* : 
t ^ 0) is a Levy process and thus, it has a cadlag modification. 

Our first result meets the common expectation, that by enlarging the underlying space 
the cylindrical Levy process becomes a classical Levy process and thus, the stochastic 
integral coincides with a classical stochastic integral. We are not aware of this result 
in the literature for one of the specific examples of cylindrical Levy processes, and even 
more not for the general cylindrical Levy process. The rather short proof combines two 
less well known results. 
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Proposition 8.3. Let L be a cylindrical Levy process in a separable Hilbert space V and 
{S{t))t^o be a strongly continuous semigroup in V . Then there exists a separable Hilbert 
space H, a strongly continuous semigroup {S{t))t^o in H and a genuine Levy process L 
in H such that 

(a) the embedding i -.V ^ H is dense and Hilbert- Schmidt; 

(b) i o S{t) = S{t) o i for all t > 0; 

(c) i J* S{t - s) dL{s)^ = J* S{t - s) L{ds) P-a.s. for all t ^ 0. 

Proof. Proposition 2.3 in [10] gives an explicit construetion of a Hilbert space H such 
that (a) and (b) are satisfied. On the other hand, consider the mapping 

L:V* S{Vt; R), Lv* = {L{t)v* : t^O), 

where 5(^1; ]R) is the space of real- valued semi-martingales, equipped with the Emery 
topology. It follows from (3.7) that the mapping L is continuous in the weaker topology 
of uniform convergence in probability, and thus the closed mapping theorem guarantees 
the continuity of L, that is L is a cylindrical semi-martingale. Since i is Hilbert-Schmidt, 
Theorem A in [14] implies that there exists a classical semi-martingale {L[t) : t ^ 0) in 
H such that {L{t)(i*h*) : t > 0) and ({L{t),h*) : t ^ 0) are indistinguishable for every 
h* G H. It follows that Z is a classical Levy process in H. 

By considering first simple functions and then passing to the limit it follows from property 
(b) for every t^O that P-a.s. 

[ S{t-s)dL{s)= [ S{t-s)oidL{s)= [ ioS{t- s)dL{s)=i f S{t-s)dL{s), 
Jo Jo Jo Jo 

where all stochastic integrals are considered in the sense of Definition 5.4. □ 

The integrals in part (c) of Proposition 8.3 are considered in the sense of Definition 5.4. 
However, since L is a genuine Levy process in the Hilbert space H it is easy to see that 
the stochastic integral coincides with the classical definition introduced for example in 

[24]. 

Example 8.4. Let {S{t))t^o be an exponentially stable semigroup on a separable Hilbert 
space V and let L be a cylindrical Levy process with weak second moments, that is 
E[\L{l)v*f] < oo for all v* € V* . Then the solution Y of (7.1) has a cadlag modification 
in the larger Hilbert space H, derived in Proposition 8.3. 

For, in this case, the semigroup {S{t))t^o in H in Proposition 8.3 turns out to be expo- 
nentially stable and contractive (see [10, Cor.2.6]). The existence of the weak moments 
of L implies that the classical Levy process L in H has second strong moments, since 
Hilbert-Schmidt operators are radonifying. Consequently, Theorem 9.24 in [24] implies 
that the stochastic process 

(^J^ Sit-s)L{ds) : te [o,r]^ 
has a cadlag modification in H, which establishes the claim of this example. 
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There is only one positive result in the literature which guarantees the existence of a 
cadlag modification for the solution of (7.1), see [24, Th.3.1]. In the classical situation, 
where the driving noise is a genuine valued Levy process, the existence of a cadlag 
modification of the solution can be either derived from the Kotelenz inequality or by a 
method introduced by Hausenblas and Seidler in [11]. The latter approach is based on 
the dilation theorem by Sz.-Nagy et al, see [32]. Surprisingly, a careful analysis of this 
proof provides the following result. 

Theorem 8.5. Let L he a cylindrical Levy process in a separable Hilbert space V and let 
{S{t))t^o be a contraction semigroup on V such that s i-^ S*{s) is stochastically integrable 
on [0,t] w.r.t. L for all t € [0,r]. Define a V -valued stochastic process X by 

X{t) := I S*{s) dL{s) for all t € [0,T]. 
Jo 

Then the following are equivalent: 

(a) the stochastic process X has a cadlag modification; 

(b) the solution of (7.1) has a cadlag modification. 

Proof. If (5(t))t^o is a contraction semigroup, then (5*(t))f^o is also a contraction semi- 
group and we can define S(t) := S*{—t) for t ^0. It follows that {S{t))teiR. is a positive- 
definite mapping with S{0) = Id, see [32, p. 29]. Theorem 7.1 in [32] implies that there 
exists a Hilbert space H, with V isometrically embedded in H, and a unitary, strongly 
continuous group (-R(t))teR on H such that S{t)v = TTR{t)v for alH S IR and v & V, 
where n : H ^ V denotes the orthogonal projection. If Y denotes the solution of (7.1), 
we obtain for every t G [0,T] that 

Y{t) = S{t- s) dL{s) = TT (^R{t) R{-s) dL{s)^ = tt {R{t)X{t)) . (8.1) 

It follows that (a) implies (b). For the converse implication, recall that V is isometrically 
embedded in H and the operators R{t), t ^ are invertible. □ 

The following corollary to Theorem 8.5 improves significantly the result in [25]. 

Corollary 8.6. Let V be a Hilbert space with orthonormal basis {ek)ke'N o-nd let L be a 

cylindrical Levy process with weak second moments of the form 

oo 

L{t)v* = ^(efe, v*)tk{t) for all t^Q,v* &V, 
fe=i 

where {(k)ke'N are independent, real-valued, square-integrahle Levy processes. Let the 
generator A be a self-adjoint operator such that Ack = —Xk^k for Xk > 0. // 

i;^M<oo, (8.2) 

fe=l 

then the solution ofY of (7.1) has a cadlag modification in V. 
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Proof. Let {p, Q, v) denote the cylindrical characteristics of L. The existence of the weak 
second moments guarantees by [1, Co. 3. 12] that the cylindrical Levy process L can be 
represented by 



L{i)v* = {p, v*)t + L{t)v* for all v* € V't ^ 0, 



where p € V and L is a cylindrical martingale with weak second moments. Since the 
operators S{t) are self-adjoint and t S{t) is stochastically integrable by Proposition 
6.4 we can define 

X{t):= f S*{s)dL{s)= [ S{s)dL{s) for alH e [0, T]. 
Jo Jo 

Because of the decomposition (8.3) it follows that 

X{t)= [ S{s)pds+ I S{s)dL{s) for alH e [0, T] . 
Jo Jo 

Since t ^ S{t)p is Bochner integrable, the first integral even has continuous paths and 
it remains to show that the stochastic integral has cadlag paths. It follows that 



I{t) :- 



fe=i 



S{s) dL{s) = J2i S* (s)efe dL{s) I = ^ ( / e-^*-^ dik{s) ) e^, (8.4) 



fe=i 



where the sum converges P-a.s. and £k{-) '■= L{-)ek- Since the summands on the right 
hand side in 8.4 arc independent, V- valued random variables a result by HofFmann- 
Jorgensen ([12, Cor. 3. 3.]) guarantees, that the sum converges in Lp(f2; V) if and only if 
iJ[||/(i)||^] < oo. This condition is satisfied since 



mmf 



f 

Jo 



dikis) 



fe=i 

V ( {Qek,ek) / 
fc=i ^ Jo 



fc = l 



ds 



4(1) 



{uoe^^){d0) ds 



JlR. 



(8.5) 



It follows that the sum on the right hand side in (8.4) converges to I{t) in Lp(fi; V) for 
every t € [0, T]. Since the summands are martingales in V it follows that {I{t) : t G [0, T]) 
is a martingale in V. The same calculation as in (8.5) shows for < < f2 ^ T" that 



E[\\I{h) - I{h 



OO ^ 

T — i 



-2ti Afc 



fe=l 



- e-^'^^*-) E 



4(1) 



Lebesgue's theorem of dominated convergence implies that / is continuous in mean- 
square. Consequently, Doob's regularisation theorem (see [24, Th.3.12]) guarantees that 
/ has a cadlag modification which completes the proof by Theorem 8.5. □ 

Example 8.7. Let tk be of the form Cfc/ifc where {hk)keK is a family of independent, 
real- valued, compensated Poisson process of intensity 1, see Example 4.4. In this case, 
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Condition (8.2) is satisfied if 



Thus, if (Tfc = k~'^ and 7fe = fc" we obtain that there exists a cadlag modification if 
2k + a > 1 which coincides with Example 3.4 in [24]. However, our condition (8.2) is in 

general much weaker. 

For the noise introduced in Example 4.5 it is shown in the publication [17] that equation 
(7.1) cannot have a solution with cadlag trajectories for every self-adjoint generator 
with negative eigenvalues. In view of Corollary 8.6 wc can now interpret this result as 
telling us that the lack of second moments of the cylindrical noise prevents the sum in 
(8.4) to converge "well" enough such that / has cadlag paths. In the article [4] the 
authors establish for the subordinated cylindrical Levy process, introduced in Example 
4.7, that the solution of equation (7.1) cannot have cadlag trajectories. In this case, 
the cylindrical noise cannot be represented by a sum (see our remark after Example 
4.7) and thus, the process X defined in Theorem 8.5 is not of such a simple form as in 
Corollary 8.6, see in particular (8.4). In this case, it is not the non-existing moments but 
the complicated structure of the cylindrical noise with strongly dependent projections 
along the basis which prevents the process X in Theorem 8.5 to have a modification with 
cadlag trajectories. 
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